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Proportions in a quilt



A quilt with n rows each with m bases of equilateral triangles has the ratio of
height divided by width equal to:

n
√
3
2

m
=

n

m

√
3

2
.

The proportion is close to R exactly when m
n ≈

√
3

2R .

Since
√
3
2 ≈ 0.866, a first answer when R = 1 is m = 866 and n = 1000. A

better answer for a quilter is m = 433 and n = 500.

We can get better rational approximations with continued fractions.



Fill with rows of equilateral triangles:

base = 5, height = 7



Fill with rows of equilateral triangles:

base = 5, height = 7
number of rows q = 7
number of columns p = 5



Fill with rows of equilateral triangles:

base = 5, height = 7
number of rows q = 8
number of columns p = 5



Fill with rows of equilateral triangles:

base = 5, height = 7
number of rows q = 8
number of columns p = 5

Can we do better?



Fill with rows of equilateral triangles:

base = 5, height = 7
red: number of rows q = 8
number of columns p = 5

blue: number of rows q = 13
number of columns p = 8

Can we do better?

We want p, q with
p

q
√
3
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, i.e., we want
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Continued fractions
Start with any non-negative number r, say

√
2.

Approximate it with its floor a0 = brc, i.e., the largest integer smaller than or
equal to the number. For r =

√
2, we know that a0 = 1.

Now, r−a0 is a non-negative number strictly smaller than 1. If r−a0 equals 0,
stop the process. Otherwise, write

r − a0 =
1

r1

for some positive number r1 > 1.

So

r = a0 +
1

r1
.
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Assuming that none of the ri are integers, we continue:
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Repeat the process from the previous page with r1 in place of r. Stop with r1
if r1 is an integer, otherwise

a1 = br1c, and r1 = a1 +
1

r2
for some positive number r2 > 1.

So

r = a0 +
1

r1
= a0 +

1

a1 + 1
r2

Assuming that none of the ri are integers, we continue:

r = a0 +
1

a1 + 1
a2+

1
r3

= a0 +
1

a1 + 1
a2+

1

a3+ 1
r4

= · · · = a0 +
1

a1 + 1
a2+

1

a3+ 1

a4+ 1

...

This is a continued fraction expansion of r.



Notation for continued fractions:

r = a0 +
1

a1 + 1
a2+

1

a3+ 1

a4+ 1

...

= [a0; a1, a2, a3, a4, . . .].



Continued fractions on a special case
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What to do with continued fractions

The convergents of x = a0 +
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What to do with continued fractions
The convergents of

√
3
2 are:

0,
1

1
= 1,

1

1 + 1
6

=
6

7
,

1

1 + 1
6+ 1

2

=
13

15
,

1

1 + 1
6+ 1

2+ 1
6

=
84

97
,

181

209
,

1170

1351
, . . . .

∣∣∣∣∣181

209
−
√

3

2

∣∣∣∣∣ < 1

209 · 1351
=

1

282359
<

∣∣∣∣∣0.866−
√

3

2

∣∣∣∣∣∣∣∣∣∣13

15
−
√

3

2

∣∣∣∣∣ < 1

15 · 97
=

1

1455
<

∣∣∣∣∣0.87−
√

3

2

∣∣∣∣∣∣∣∣∣∣67 −
√

3

2

∣∣∣∣∣ < 1

7 · 15
=

1

105
<

∣∣∣∣∣0.9−
√

3

2

∣∣∣∣∣



A general fact:
For all positive real numbers x and for all positive integers b, d and non-
negative integers a, c, if d < b, gcd(a, b) = 1, and if a

b is a convergent of x,
then ∣∣∣a

b
− x
∣∣∣ ≤ ∣∣∣ c

d
− x
∣∣∣ .

In other words, a
b is a better approximation of x than c

d .





Adding borders with continued fractions
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I had a quilt top of size 50 inches by 67.5 inches and I wanted to add to it a
border of equal-size parallelograms on all sides, with corners added differently.
By (mentally) ignoring the seam allowances around the outside, the future-
visible top measures 49.5 inches by 67 inches.

The continued fraction for this ratio is
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Its convergents are
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,

4
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,
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14
,
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17
,
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49.5
.

I used 23
17 for my quilt.
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II. Proportions of a di�erent kind
Say that we have 20 blocks. How can we arrange them into a quilt?
1 by 20? 2 by 10? 4 by 5?

Possible arrangements for a 4 by 5 layout:

How many different views? 420 (about 1012)

How many different quilts create all these views? 1
2 · 4

20
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fence blocks with two views?
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What if we have 16 Roman stripes blocks with four different views, 2 rail fence
blocks with two views, one block with only one view and can be rotated, and
one block that cannot be rotated (it has letter V)?

How many different views?
(
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22 · 416 (about 1015)

How many different quilts create all these views? Same:
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What if we have 20 Roman stripes blocks with four different views, 20 rail fence
blocks with two views, 20 blocks with only one view which can be rotated, and
20 blocks that cannot be rotated (say letter V). How many different quilt 4 by
5 quilt views can we make?

Multiple choice:
A) 820

B)
20∑
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(
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(
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r3=0

(
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)
4r12r2
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What if we have 20 Roman stripes blocks with four different views, 20 rail fence
blocks with two views, 20 blocks with only one view which can be rotated, and
20 blocks that cannot be rotated (say letter V). We want to make four 4 by 5
quilts. How many different quadruple-quilt views can we make?

20∑
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(
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(
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r3=0

(
80

r1

)(
80− r1
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)(
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)
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(about 14 · 1033)


